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Abstract. In this paper we explore finite rank perturbations of unilateral weighted shifts Wa- First, we 
prove that the subnormality of Wa is never stable under nonzero finite rank pertrubations unless the per- 
turbation occurs at the zeroth weight. Second, we establish that 2-hyponormality implies positive quadratic 
hyponormality, in the sense that the Maclaurin coeflicients of Dn(s) := det P„ [(Wa+sW^)* , Wa+sW^] Pn 
are nonnegative, for every n > 0, where P„ denotes the orthogonal projection onto the basis vectors 
{eo, ■ ■ ■ ,e„}. Finally, for a strictly increasing and Wa 2-hyponormal, we show that for a small finite-rank 
perturbation a' of a, the shift Wa' remains quadratically hyponormal. 
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Let Ti, and JC be complex Hilbert spaces, let C{'H,JC) be the set of bounded linear operators from 
n to K. and write C{n) C{Ti,Ti). An operator T e C{Ti) is said to be normal if T*T = TT*, 
hyponormal if T*T > TT* , and subnormal if T = N\u: where N is normal on some Hilbert space 
/C 13 7i. If T is subnormal then T is also hyponormal. Recall that given a bounded sequence of 
positive numbers a : ao, ai, • • • (called weights)^ the (unilateral) weighted shift Wa associated with a 
is the operator on ^{1^+) defined by Waen ■— a„e„+i for all n > 0, where {e„}^Q is the canonical 
orthonormal basis for It is straightforward to check that Wa can never be normal, and that Wa 
is hyponormal if and only if q;„ < for all n > 0. The Bram-Halmos criterion for subnormality 

states that an operator T is subnormal if and only if 



Y,{T'xj,T^x,)>0 



X 



for all finite collections xo,xi, ■ ■ ■ ,Xk € H ([2], [4, II. 1.9]). It is easy to see that this is equivalent to 
the following positivity test: 



(1.1) 



/ / T* 



J~^^krpk j 



> 



(aU k > 1). 
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Condition (1.1) provides a measure of the gap between hyponormality and subnormality. In fact, 
the positivity condition (1.1) for fc = 1 is equivalent to the hyponormahty of T, while subnormality 
requires the validity of (1.1) for all k. Let [A, B] := AB — BA denote the commutator of two operators 
A and B, and define T to be k-hyponormal whenever the k x k operator matrix 



is positive. An application of the Choleski algorithm for operator matrices shows that the positivity of 
(1.2) is equivalent to the positivity of the (fc + 1) x {k+1) operator matrix in (1.1); the Bram-Halmos 
criterion can be then rephrased as saying that T is subnormal if and only if T is fc-hyponormal for 
every k > 1 ([16]). 

Recall ([1],[16],[5]) that T e jC{H) is said to be weakly k-hyponormal if 



consists entirely of hyponormal operators, or equivalently, Mk{T) is weakly positive, i.e., ([16]) 



li k = 2 then T is said to be quadrat/ically hyponormal, and if A: = 3 then T is said to be cubically 
hyponormal. Similarly, T G ^{Ti-) is said to be polynomially hyponormal if p(T) is hyponormal for 
every polynomial p S C[z]. It is known that A--hyponormal => weakly /s- hyponormal, but the converse 
is not true in general. 

The classes of (weakly) fc-hyponormal operators have been studied in an attempt to bridge the gap 
between subnormality and hyponormality ([7], [8], [10], [11], [12], [14], [16], [19], [22]). The study of this 
gap has been only partially successful. For example, such a gap is not yet well described for Toeplitz 
operators on the Hardy space of the unit circle; in fact, even subnormality for Toeplitz operators has 
not been characterized (cf.[20],[6]). For weighted shifts, positive results appear in [7] and [12], although 
no concrete example of a weightcxl shift which is polynomially hyponormal and not subnormal has yet 
been found (the existence of such weighted shifts was established in [17] and [18]). 

In the present paper we renew our efforts to help describe the above mentioned gap between 
subnormality and hyponormality, with particular emphasis on polynomial hyponormality. We focus 
on the class of unilateral weighted shifts, and initiate a study of how the above mentioned notions 
behave under finite perturbations of the weight sequence. We first obtain three concrete results: 

(i) the subnormality of Wa is never stable under nonzero finite rank perturbations unless the 
perturbation is confined to the zeroth weight (Theorem 2.1); 

(ii) 2-hyponormality implies positive quadratic hyponormality, in the sense that the Maclaurin 
coefficients of Dn{s) := detP„ [{Wa + sW^)*, Wa + sW^] P„ are nonnegative, for every n > 0, where 
Pn denotes the orthogonal projection onto the basis vectors {eo, • • • , e„} (Theorem 2.2); and 

(iii) if a is strictly increasing and Wa is 2-hyponormal then for a' a small perturbation of a, the 
shift Wa' remains positively quadratically hyponormal (Theorem 2.3). 

Along the way we establish two related results, each of independent interest: 



(1.2) 



Mfc(T) :={[T*\r 





(1.3) 
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(iv) an integrality criterion for a subnormal weighted shift to have an n-step subnormal extension 
(Theorem 6.1); and 

(v) a proof that the sets of fc-hyponormal and weakly fc-hyponormal operators are closed in the 
strong operator topology (Proposition 6.7). 

2. Statement of Main Results 

C. Berger's characterization of subnormality for unilateral weighted shifts (cf. [21], [4, III.8.16]) 

states that Wa is subnormal if and only if there exists a Borel probability measure fi (the so-called 
Berger measure of Wa) supported in [0, ||Wa|p], with ||VFa|p € supp/x, such that 



7r 



= j edn{t) 



for all n > 0. 



Given an initial segment of weights a : ao, • • • c^m, the sequence a G 1°°{'L+) such that di = ai {i = 
0, • • • , m) is said to be recursively generated by a if there exist r > 1 and ipQ, ■ ■ ■ , (fr-i G K such that 



(2.1) 



7n+r = </?07n H H (fir-l^n+r-l (all U > 0), 



where 70 := 1, "fn '■= ct^-- -0.^-1 {n > 1). In this case W& with weights a is said to be recursively 
generated. If we let 

(2.2) g{t) := ^ - {>Pr-if-^ + • • • + (po) , 

then g has r distinct real roots < Sq < • • • < s^-i ([11, Theorem 3.9]). Let 



V :-- 



and let 
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... 1 X 
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If the associated recursively generated weighted shift W& is subnormal then its Berger measure is of 
the form 

M := PO^so H 1- Pr-l^r-l- 

For example, given ao < ai < q;2, 1^(00,01,02)'^ is the recursive weighted shift whose weights are 
calculated according to the recursive relation 



(2.3) 



2 1 

"n+l =¥'l+¥'0-2, 
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where 

(2.4) 



<^o = "22 ^1 



In this case, Wi 



(«0,ai,Q:2)' 



is subnormal with 2-atomic Bcrgcr measure. Let 



(oLa,OL\,a'i)' 



denote the 



weighted shift whose weight sequence consists of the initial weight x followed by the weight sequence 

of W^(ao,ai,a2)'^- 

By the Density Theorem ([11, Theorem 4.2 and Corollary 4.3]), we know that if Wa is a subnormal 
weighted shift with weights a = {«„} and e > 0, then there exists a nonzero compact operator 
K with 1 1 if 1 1 < e such that + is a recursively generated subnormal weighted shift; in fact 
Wa + K = W^^^ for some m > 1, where a^™' : ao, • • • ,Q!m- The following result shows that K 

cannot generally be taken to be finite rank. 

Theorem 2.1 (Finite Rank Perturbations of Subnormal Shifts). IfWa is a subnormal weighted 
shift then there exists no nonzero finite rank operator cPfeo}) ■'^c/i that Wa + F is a sub- 
normal weighted shift. Concretely, suppose Wa is a subnormal weighted shift with weight sequence 
a = {a„}^Q and assume a' = {a'^} is a nonzero perturbation of a in a finite number of weights 
except the initial weight; then Wa' is not subnormal. 

We next consider the self-commutator [{Wa + sW^)* ,Wa + sW^]. Let Wa be a hyponormal 
weighted shift. For s £ C, we write 



D{s) := [{Wa + s W^r,Wa + s W^] 



and we let 



/Qo 


^0 


. 





To 


qi 


n . 
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Q2 ■ 
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• Qn-l 


Vo 





. 





(2.5) D„(s) := Pn[{Wa + s W^r, Wa + s W^]P, 



where P„ is the orthogonal projection onto the subspace generated by {eo, • • • , e„}, 

Qn ■■= Un + \s\'^Vn 



(2.6) 



Un . — c\^^ a. 



n n— 1 



Vr,. := a„a 



n"n+l "n-l"n-2 
2 \2 



_ Wn ■■= <(<+! - <-l) 



and, for notational convenience, a_2 = a-\ =0. Clearly, Wa is quadratically hyponormal if and only 
if Dn{s) > for all s e C and all n > 0. Let rf„(-) := det (!)„(•)). Then d„ satisfies the following 
2-step recursive formula: 



(2.7) 



dQ = qo, di = qoqi - \ro\'^ , rf„+2 = g'„+2d„+i - |r„+i|^d„. 
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If wc let t := |sp, wc observe that c?„ is a polynomial in t of degree n + 1, and if we write d„ = 
^"^g c{n,i)t^, then the coefficients c(n,i) satisfy a donble-indexed recursive formula, namely 

(2.8) c(n + 2, z) = Un+2 c{n + + w„+2 c(n + 1, z - 1) - w„+i c(n, z - 1), 

c{n,0) = uo- ■ -Un, c{n,n+ 1) = vo- ■ -Vn, c{l , 1) = uiVo + viuq - wo 

{n > 0, i > 1). We say that Wa is positively quadratically hyponormal if c{n,i) > for every 
n>0, 0<i<n+l (cf. [9]). Evidently, positively quadratically hyponormal => quadratically 
hyponormal. The converse, however, is not true in general (cf. [3]). 

The following theorem establishes a useful relation between 2-hyponormality and positive quadratic 
hyponormality. 

Theorem 2.2. Let a = {a„}^o ^ weight sequence and assume that Wa is 2-hyponormal. Then 
Wa is positively quadratically hyponormal. More precisely, if Wa is 2-hyponormal then 

(2.9) c{n,i) > vq ■ ■ ■ Vi^iUi ■ • • u„ (n>Q. 0<i<n+l). 

In particular, if a is strictly increasing and Wa is 2-hyponormal then the Maclaurin coefficients of 
dn{t) are positive for alln> 0. 

If Wa is a weighted shift with weight sequence a = {a„}5^Q, then the moments of Wa are usually 
defined by /3o := 1, /3n+i := Q;„/3„ (n > 0) [23]; however, we prefer to reserve this term for the 
sequence 7„ := 0^ (n > 0). A criterion for fc-hyponormality can be given in terms of these moments 
([7, Theorem 4]): if we build a (fc + 1) x (A: + 1) Hankel matrix A{n; k) by 



(2.10) A{n;k):-- 



1 In ln+1 ■ ■ ■ In+k \ 

7n+l ln+2 ■ ■ ■ 7n+fe+l 



(n > 0), 



V7n+fe 7n+/s+l ••• 7»i+2fe / 

then 

(2.11) Wa is A:-hyponormal <=^ A{n; k) > (n > 0). 

In particular, for a strictly increasing, Wa is 2-hyponormal if and only if 



(2.12) det 7„+i 7„+2 7n+3 > (n > 0) 




One might conjecture that if Wa is a A;-hyponormal weighted shift whose weight sequence is strictly 
increasing then Wa remains weakly fc-hyponormal under a small perturbation of the weight sequence. 
We will show below that this is true for fc = 2 (Theorem 2.3). 

In [12, Theorem 4.3], it was shown that the gap between 2-hyponorniality and quadratic hyponor- 
mality can be detected by unilateral shifts with a weight sequence a : ^fx, {\fa, Vb, Vc)^ • In particular, 
there exists a maximum value H2 = H2{a,b,c) of x that makes W y^(^^^)A 2-hyponormal; H2 
is called the modulus of 2-hyponormality (cf. [12]). Any value of x > H2 yields a non- 2-hyponormal 
weighted shift. However, if x — H2 is small enough, W^ ^ is still quadratically hyponormal. 
The following theorem shows that, more generally, for finite rank perturbations of weighted shifts with 
strictly increasing weight sequences, there always exists a gap between 2-hyponormality and quadratic 
hyponormality. 
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Theorem 2.3 (Finite Rank Perturbations of 2-hyponormal Shifts). Let a = {an}^o 

strictly increasing weight sequence. If Wa is 2-hyponormal then Wa remains positively quadratically 
hyponormal under a small nonzero finite rank perturbation of a. 

3. Proof of Theorem 2.1 

Proof of Theorem 2.1. It suffices to show that if T is a weighted shift whose restriction to \/{en, e„+i, • • • } 
(n > 2) is subnormal then there is at most one for which T is subnormal. 

Let W := T'|Y{g^_j_en,e„+i,---} and S := T'lvien.en+i,--- } > where n > 2. Then W and S have weights 
Oik{W) := Uk+n-i and ak{S) := ak+n {k > 0). Thus the corresponding moments are related by the 
equation 

/c^ 2 2 lk+i{W) 

We now adapt the proof of [7, Proposition 8] . Suppose S is subnormal with associated Berger measure 

11. Then 7fe(5') = /g t^ djj,. Thus W is subnormal if and only if there exists a probability measure 

V on [0, ||r||2] such that 

1 /-llrlP r\\T\f 

^— / dv{t) = t^ dn{t) for all fc > 0, 

^n-l JO Jo 

which readily implies that tdu = a^_i dfi. Thus W is subnormal if and only if the formula 

2 

(3.1) dv:=\-5Q+'^^dn 

defines a probability measure for some A > 0, where 5q is the point mass at the origin. In particular 
J € L^{^J) and A*({0}) = whenever W is subnormal. If we repeat the above argument for W and 

V := T'|y{e„_2,e,i_i, -- }) then we should have that J^({0}) = whenever V is subnormal. Therefore we 
can conclude that if V is subnormal then A = 0, and hence 

2 

(3.2) du = ^^dfi. 
Thus we have 

r\\T\\^ r\\T\f I 

1 = du{t) = al_^ jdii{t), 

so that 

(3.3) al_^ -- 

which implies that a„_i is determined uniquely by {a„, a„+i, • • • } whenever T is subnormal. This 
completes the proof. □ 

Theorem 2.1 says that a nonzero finite rank perturbation of a subnormal shift is never subnormal un- 
less the perturbation occurs at the initial weight. However, this is not the case for fc-hyponormality. To 

see this we use a close relative of the Bergman shift (whose weights are given by a = { y^^^l^o); 

it is well known that S+ is subnormal. 
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Example 3.1. For x > 0, let be the weighted shift whose weights are given by 



1 I- , h + 1 . 

ao ■■= Y 2> Q;i := y/x, and an := W ^^-j-^ (n > 2). 



Then we have: 



(i) Tx is subnormal x = - ■ 



3' 

(ii) is 2-hyponormal <^ '^^"g'iP^ < a; < ||. 

Proof. Assertion (i) follows from Theorem 2.1. For assertion (ii) we use (2.12): is 2-hyponormal if 
and only if 

2 2^ \ / 2 2^ 8^ \ 

5 |a; fx 1 > and det ^x |x ^a; j > 0, 

2X -gX JqX / \ 8"^ lO"^ 4"^ ' 

or equivalently, < a; < |f . □ 

For perturbations of recursive subnormal shifts of the form W^(^^^)a, subnormality and 2- 
hyponormality coincide. 

Theorem 3.2. Let a = {a„}^Q be recursively generated by \fa,\fb^\fc. IfTx is the weighted shift 
whose weights are given by ax ■ chq, - " ^ ctj-i,y/x, ctj+i,- ■ ■ , then we have 

( X = a'^ if j > 1; 
Tx is subnormal is 2-hyponormal <s=^> < j ■ ■ 

\^ X < a if i = 0. 

Proof. Since a is recursively generated by ^/a, Vb, \/c, wc have that = a, a\^h, a^ = c, 

,„ b{c^-2ac + ab) , o bc^ - 4.abc^ + 2ab'^c + a^bc- a^b"^ + a^c^ 

(3.4) a, = , and a. = -—^ — . 

^ ^ c(6-a) * {b- a){c^ -2ac + ab) 

Case 1 {j = 0): It is evident that is subnormal if and only if a; < a. For 2-hyponormality observe 
by (2.12) that is 2-hyponormal if and only if 

X 6a; \ 
det I X bx bcx > 0, 
bx bcx a'^bcx J 

or equivalently, x < a. 

Case 2 {j > 1): Without loss of generality wc may assume that j = 1 and a = 1. Thus ai = y/x. 
Then by Theorem 2.1, Tx is subnormal if and only if a; = 6. On the other hand, by (2.12), Tx is 
2-hyponormal if and only if 
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X 


det j 




X 


cx 




{x 


cx 


a\cx 







X 


> and det j 


X 


cx 




\ cx 


a\cx 



> 0. 



9 ? 

5^3 ajc 



Thus a direct calculation with the specific forms of a^, a^ given in (3.4) shows that Tx is 2-hyponormal 
if and only if (a; -b)(x- ''(c^-_2c+b) ^ < and a; < 6. Since b < Kc^-_2c+b) ^ follows that Tx is 2- 
hyponormal if and only if a; = 6. This completes the proof. □ 



8 



4. Proof of Theorem 2.2 
With the notation in (2.6), we let 

Pn ■■= Un Vn+1 - W„ (« > 0). 

We then have: 

Lemma 4.1. If a = {a„}'^-Q is a strictly increasing weight sequence then the following statements 
are equivalent: 

(i) Wa is 2-hyponormal; 

(ii) a^+i(w„+i + u„+2)^ < ■u„+iW„+2 (n > 0); 

(iii) < Hii+i (n>0); 

(iv) p„ > (n> 0). 

Proof. This foUows from a straightforward calculation. □ 

Proof of Theorem 2.2. If a is not strictly increasing then a is flat, by the argument of [7, Corollary 
6], i.e., ao = ai = a2 = ■ ■ ■ ■ Then 

(4.1) ^"(«) = ("^lf°|?!^)®Ooo 

(cf. (2.5)), so that (2.9) is evident. Thus we may assume that a is strictly increasing, so that 
M„ > 0, u„ > and u>„ > for all n > 0. Recall that if we write d„(t) := Y^^=o c('^, »)^* then the 
c(n, i)'s satisfy the following recursive formulas (cf. (2.8)): 

(4.2) c{n + 2,i) = Un+2 c{n + l,i) + Vn+2 c{n + 1, i — 1) — c(n, i — 1) (n > 0, 1 < i < n). 

Also, c(n, n + 1) = I'D • • • I'm (again by (2.8)) and Pn := — Wn > (n > 0), by Lemma 4.1. A 

straightforward calculation shows that 

(4.3) do{t)=uo + vot; 

di{t) = uqUi + {vqUi +po)t + voVi t^; 

d2{t) = U0U1U2 + {V0U1U2 + UoPl + U2P0) t + {V0V1U2 + VoPl + V2P0) + V0V1V2 t^. 

Evidently, 

(4.4) c(n, i)>0 (0 < n < 2, < i < n + 1). 
Define 

f3{n, i) := c(n, i) — vq - ■■ Wj-iu, • • • u„ (n > 1, 1 < i < n). 
For every n > 1, we now have 

{Mo • • • u„ > ('' = 0) 

va---Vi_iUi---Un + P{n,i) {I < i < n) 
vq- ■ ■Vn>0 {i = n + l). 

For notational convenience we let /3(n, 0) := for every n > 0. 
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Claim 1. For n > 1, 

(4.6) c(n, n) > Un c{n — 1, n) > 0. 

Proof of Claim 1. We use mathematical induction. For n = 1, 

c(l, 1) = WqWI +Po > uic(0, 1)>0, 

and 

c(n + 1, n + 1) = Un+i c{n, n + 1) + Vn+i c{n, n) - Wnc{n - 1, n) 

> Un+i c{n, n + 1) + Vn+i Unc{n — l,n) — w„ c{n — 1, n) (by inductive hypothesis) 
= Un+i c{n,n + l)+Pn c{n - l,n) 

> u„+ic(n, n+ 1), 
which proves Claim 1. 

Claim 2. For n>2, 

(4.7) f3{n, i)>UnP{n-l,i)>0 (0<i<n-l). 

Proof of Claim 2. We use mathematical induction, li n — 2 and i = 0, this is trivial. Also, 

/3(2, 1) = MoPi + U2 Pa = uqPi+ U2P{1, 1) > '«2/3(l, 1) > 0. 
Assume that (4.7) holds. We shall prove that 

P{n+l,i)>u„+iP{n,i)>0 (0 < i < n). 



For, 



P{n +l,i) +vo - ■ ■ Vi^iUi ■ ■ ■ Un+i = c{n + 1, i) (by (4.2)) 
= ■u„+ic(n, i) + v„+ic(n, i - 1) - w„c(n - 1, i - 1) 



= |^/3(n, i) + VQ - ■ ■ Vi-iUi ■ ■ - u, 

+ ^/3(n, i - 1) + Wo • • • Vi-2Ui-i • • • u 

- «;„ ( /3(n - 1, i - 1) + • • • Vi_2Mi-i • • • Un-i 1 , 



so that 

/3(n + 1, i) = u„+i/3(n, i) + t;„+i/3(n, i - 1) - u;„/3(n - 1, i - 1) 

+ UO • • • Wi-2Mi-l • • • Un-1 {UnVn+1 " Wn) 

= M„+i/3(n, i) + Vn+il3{n, i - 1) - Wn0{n - l.i - 1) + {vq ■ ■ ■ Vi-2Ui-i ■ ■ ■ tt„_i) p„ 

> M„+i/3(n, i) + Vn+iUn(3{n - 1, i - 1) - Wnf3{n - l,i- I) 

(by the inductive hypothesis and Lemma 4.1; 
observe that i — 1 < n — 1, so (4.7) applies) 
= Un+i(3{n, i) + pn /3{n -l,i-l) 

> Un+i f3{n,i), 
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which proves Claim 2. 

By Claim 2 and (4.5), we can see that c{n,i) > for all n > and 1 < i < n — 1. Therefore (4.4), 
(4.5), Claim 1 and Claim 2 imply 

c{n,i) > vq- ■ -Vi-iUi- ■ -Un {n > 0, < i < n + 1). 

This completes the proof. □ 



5. Proof of Theorem 2.3 



To prove Theorem 2.3 we need: 

Lemma 5.1 ([15, Lemma 2.3]). Let a = {an}^=o be a strictly increasing weight sequence. IfWa 
is 2-hyponormal then the sequence of quotients 

(5.1) e„ := ^ (n > 0) 

Un+2 

is bounded away from and from oo. More precisely, 

(5.2) 1 < ©n < — [ lH^iiLL j fgj- sufficiently large n. 

U2 \ aoai J 

In particular, {u„}^o eventually decreasing. 

Proof of Theorem 2.3. By Theorem 2.2, Wa is strictly positively quadratically hyponormal, in the 
sense that all coefficients of dn{t) are positive for all n > 0. Note that finite rank perturbations of a 
affect a finite number of values of u„ and w)„. More concretely, if a! is a perturbation of a in the 
weights {ao, • • • ,0.^}, then u„, «„, Wn and p„ are invariant under a' iov n> N + 3. In particular, 

p„ > forn > TV + 3. 

Claim 1. Forn>2,, 0<i<n + l, 

n I \ 

c{n,i) =Un c(n - l,i) +Pn-i c(n - 2,i - 1) + '^pk-2 I'j c{k - 3, i - n + k - 2) 

(5.3) + Vn ■ ■ ■ pi-n+U 

where 

{i<n-l) 



Pi-n+l 



uqPi (i = n - 1) 

vapi + V2P0 {i = n) 
V0V1V2 {i = n+1) 



(cf. [12, Proof of Theorem 4.3]). 



11 



Proof of Claim 1. We use induction. For n = 3, < i < 4, 
c(3, i) = Us c(2, i) + 1)3 c(2, i-l)-W2 c(l, i - 1) 



= W3 c(2, z) + |^U2 c(l, z - 1) + U2 c(l, i - 2) - c(0, i - 2)j - W2 c(l, i - 1) 

= W3 c(2, i) + p2 c(l, i - 1) + 1;3 ^t^2 c(l, i-2)-wi c(0, i - 2)^ 

= "3 c(2, i) + p2 c(l, i - 1) + 1;3 Pi_2, 
where by (4.3), 



Pi-2 



f (i < 2) 

woPi (i = 2) 

t^oPi + V2P0 {i = 3) 

. V0V1V2 = 4). 



Now, 

c(n +!,«)= ■u„+ic(n, i) + i'„_|_ic(n, i - 1) - Wnc{n - 1, i - 1) 

= ■u„+ic(n, i) + I u„c(n - 1, i - 1) + p„_ic(n - 2, i - 2) 



+ ^pfc_2 Y1^3 c{k - 3,i - n + k - 3) + Vn ■ ■ ■ V3Pi-n j -Wnc{n-l,i- 1) 
= u„+ic(n, ^) + p„c(n - 1, z - 1) + Vn+iPn-ic{n - 2, i - 2) 

k=A \j=k ) 

(by inductive hypothesis) 

n+l / \ 

= u„+ic(n, i) + p„c(n - 1, i - 1) + ^ pk-2 W^j c{k - 3,i - n + k - 3) 

fe=4 \j=k J 

+ Vn+l ■ ■ ■ V3pi-n, 

which proves Claim 1. 

Write u'^, v!^,w'^,p'^, p'^, and c'(-,-) for the entities corresponding to a'. If p„ > for every 

n = 0, • • • , iV + 2, then in view of Claim 1, we can choose a small perturbation such that p'^ > 
{0 < n < N + 2) and therefore c'(n, i) > for all n > and < i < n + 1, which implies that Wa' 
is also positively quadratically hyponormal. If instead p„ = for some n = 0, • • • ,N + 2, careful 
inspection of (5.3) reveals that without loss of generality we may assume Po = ■ ■ ■ = Pn+2 = 0. By 
Theorem 2.2, we have that for a sufficiently small perturbation a' of a, 

(5.4) c'{n,i)>0 (0 < n < 7V + 2, < i < n + 1) and c'(n,n +1)>0 (n > 0). 

Write 

kn-— (n = 2,3,---). 

Un 
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Claim 2. {fc„}^2 bounded. 
Proof of Claim 2. Observe that 



(5.5) 



2 

2 



2,2 I 2 "w+l I 2 "n-2 

O^n + Qfn-l + Q'n 2 _ ^2 + ^2 _ ^^2 



Therefore if Wa is 2-hyponormal then by Lemma 5.1, the sequences 



'■n+l 



— cP' 



and 



'n-l ) n=1 ^ " "n-l J „=2 

are both bounded, so that {fcri}5?L2 is bounded. This proves Claim 2. 

Write k := sup„A;„. Without loss of generality we assume k < \ (this is possible from the ob- 
servation that COL induces {c^fc„}). Choose a sufficiently small perturbation a' of a. such that if we 
let 



(5.6) 



h 



sup 

0<^<Ar+2 
0<m<l 



Ar+4 


/w+3 \ 






n^;ic'(fc-3, £) 




fe=4 







1 



then 

(5.7) c'(iV + 3, i)- — ^/i > (0<i<iV + 3) 

-L /C 

(this is always possible because by Theorem 2.2, we can choose a sufficiently small such that 

d{N + 3, i) > t;o • • • Wj-iUi • • • ujv+s - e and \h\ < (1 - A;)(wo • • • '^i-iWi • • • wjv+3 - e) 

for any small e > 0). 

Claim 3. For j > 4 and < i < A/' + j, 



j-3 



(5.8) 



c'(iV + j, i) > ujv+j • • • Mjv+4 I c'(iV + 3, i) - ^ fc" 



ra=l 



Proof of Claim 3. We use induction. If j = 4 then by Claim 1 and (5.6), 
c'{N + 4, i) = u'j^^ic'{N + 3, i) +p'j^+3c'{N + 2, i - 1) 

Ar+4 / N+3 \ 

+ VN+4j2p'k-2 n '4 c'(A:-3,i-iV + A:-6)+^;^+4- 

fc=4 \j=k J 

> u'n^^c'{N + 3,i)+ p'n^sc'{N + 2, i - 1) - 

> un+4.{c'{N + 3,i) - kN+ih) 

> un+4{c'{N + 3,i) -kh), 
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because w'^_|_4 = un+4, = ^^^+4 and p^_|_3 = Pn+3 > 0. Now suppose (5.8) holds for some j > 4. 

By Claim 1, we have that for j > 4, 

c'{N + j + l,i)= u';v+i+ic'(A^ + j, i) + p'n+AN + i - 1, i - 1) 

N+j+l / N+j + 1 \ 

+ Yl Pk-A n ^j](^'i''-^^'-^ + k-J-''i) + v'N+j+l---y3Pi-iN+j) 
fe=4 \ j=k J 

= u'^+j+^c!{N + j, i) + p'N+jc{N + j - 1, i - 1) 

N+j + l / N+3 + 1 \ 

+ E P'k-^l n c'(fc-3,i-iV + A:-j-3) 
fe=Ar+5 y j=k J 

N+4 / N+j + l \ 

+ E ^'fc-a n v'Ac'{k-3,i-N + k-j-3) + • • • ^^3P--(jv+i) • 

fc=4 \ j=k J 

Since p'j = p„ > for n > A'' + 3 and c'(n, > for < n < A'' + j by the inductive hypothesis, it 
follows that 

N+j+l /n+j + I 

(5.9) p'^+^c{N + j-l,i-l)+ n v'j]c'{k-^,i-N + k-3-i)>Q. 

k=N+5 \ j=k 

By inductive hypothesis and (5.9), 

c'{N + j + l,i) 



N+4 I N+j+l \ 

> u'r,+j+ic'{N + j, i)+Yl P'k-2 H ^'A c'{k - 3,i - N + k - j - 3) + v'j,+j 

k=4 \ j=k J 



+ 1 ■ ■ •'J^3P'i-(JV+j) 



j-3 



> UN+j+iUN+j ■ ■ ■ Un+4 + 3, i) - E ^"^J 

(Af+4 / N+3 \ ^ 

E P'k-2 H^'j] -3,i-N + k-j-3)+ v']^^3 ■ ■ ■ W3P-_(^+j) 
fe=4 \j=k J ^ 

> UN+j + lUN+j ■ ■ ■ Un+4 ^c'(iV + 3, Z) - E ~ '"N+j+lVN+j ' ' • ^^JV+4 h 

= UN+j+\UN+j ■ ■ ■ Un+4 [c'{N + ~ kN+j+ikN+j ■ ■ ■ kn+i h j 

> UN+j+iUN+j ■ ■ ■ Un+4 i^{N + 3, i) - E ^"'^^ ' 
which proves Claim 3. 
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Since < for every j > 1, it follows from Claim 3 and (5.7) that 

(5.10) c'{N + j, i)>0 for j > 4 and < i < A/" + j. 

It thus follows from (5.4) and (5.10) that c'{n,i) > for every n > and < i < n + 1. Therefore 
Wa' is also positively quadratically hyponormal. This completes the proof. □ 

Corollary 5.2. Let Wq, be a weighted shift such that aj-i < aj for some j > 1, and let be the 
weighted shift with weight sequence 

ax ■■ ao,--- ,(Xj-i,x,aj+i,- ■ ■ . 

Then {x : is 2-hyponormal} is a proper closed subset of {x : is quadratically hyponormal} 
whenever the latter set is non-empty. 

Proof. Write 

i?2 := {x : Tx is 2-hyponormal}. 

Without loss of generality, we can assume that is non-empty, and that j = 1. Recall that a 
2-hyponormal weighted shift with two equal weights is of the form ao = a\ = a2 = ■ ■ ■ ov < a\ = 
Q!2 = ct3 = • • • • Let Xm '■— inf H2- By Proposition 6.7 below, T^.,,^ is hyponormal. Then Xm > olo- 
By assumption, Xm < ci2- Thus ao,Xm,ci2,a3, - ■ ■ is strictly increasing. Now we apply Theorem 
2.3 to obtain x' such that ao < x' < Xm and T^i is quadratically hyponormal. However T^' is not 
2-hyponormal by the definition of Xm- The proof is complete. □ 

The following question arises naturally: 

Question 5.3. Let a be a strictly increasing weight sequence and let k > 3. LfWa is a k-hyponormal 
weighted shift, does it follow that Wa is weakly k-hyponormal under a small perturbation of the weight 
sequence ? 

6. Other Related Results 

§6.1 Subnormal Extensions 

Let a : ao, ai, • • • be a weight sequence, let a;^ > for 1 < j < n, and let (a;„, • • • xi)a : a;„, • • • , xi,ao, ai, 
be the augmented weight sequence. We say that W(x„,... ,xi)a is an extension (or n-step extension) of 
Wa- Observe that 

W^(x„,... ,xi)alv{e„,e„+i,---} — Wa- 

The hypothesis F ^ cP^g^^ in Theorem 2.1 is essential. Indeed, there exist infinitely many one-step 

subnormal extension of a subnormal weighted shift whenever one such extension exists. Recall ([7, 
Proposition 8]) that if Wa is a weighted shift whose restriction to \/{ei,e2, ■ ■ ■} is subnormal with 
associated measure n, then Wa is subnormal if and only if 

(i) iei^/x); 

(ii) ag<(||i|U.(^))-\ 
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Also note that there may not exist any one-step subnormal extension of the subnormal weighted shift: 
for example, if Wa is the Bergman shift then the corresponding Berger measure is iJ,{t) = t, and hence 
i is not integrable with respect to fj,; therefore Wa does not admit any subnormal extension. A similar 
situation arises when has an atom at {0}. 

More generally we have: 

Theorem 6.1 (Subnormal Extensions). Let Wa he a subnormal weighted shift with weights a : 
ao, ai, • • • and let fx be the corresponding Berger measure. Then W(^x ■■■ xi)a is subnormal if and only 
if 

(i) ^ei^M); 

In particular, if we put 

S := {(a;i, • • • , Xn) G K" : W(^xn,--- ,xi)a is subnormal} 
then either 5 = or S is a line segment in M" . 

Proof Write Wj := W(^^^^^... {e„^,,e„^,+i,-} (1 < j < n) and hence VK„ = W^^^^... By the 

argument used to establish (3.2) we have that Wi is subnormal with associated measure vi if and only 
if 

(ii) dvi = ^dfi, or equivalently, = ^/d'^°" j dn^tfj 
Inductively W„_i is subnormal with associated measure Vn-i if and only if 

(i) Wn-2 is subnormal; 

(ii) ^ glHa*); 

2 2 2 rllWalP 1 J u\ 

(in) dUn-1 = -^dUn-2 = ■■■= V-i equivalently, = niwdi^ i ■ , 

Therefore Wn is subnormal if and only if 

(i) Wn-i is subnormal; 

(ii) 7^ e 

(m)x„<(/„ jd.r.-i) =(/o ^^rfMi)J =^«Tr^- 

□ 



Corollary 6.2. IfWa is a subnormal weighted shift with associated measure jj, there exists an n-step 
subnormal extension of Wa if and only if ^ & (/u) . 



For the next result we refer to the notation in (2.1) and (2.2). 
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Corollary 6.3. A recursively generated subnormal shift with (po ^ admits an n-step subnormal 

extension for every n > 1 . 

Proof. The assumption about (po implies that the zeros of g{t) are positive, so that Sq > 0. Thus for 
every n > 1, ^ is integrable with respect to the corresponding Berger measure fj, = po^so + • • • + 
Pr-if^sr-i- By Corollary 6.2, there exists an n-step subnormal extension. □ 



We need not expect that for arbitrary recursively generated shifts, 2-hyponormality and subnor- 
mality coincide as in Theorem 3.2. For example, if a : ^J^, ^/x, (VS, \J~^^ then by (2.12) and 

Theorem 6.1, 

(i) Tx is 2-hyponormal 4 — ^/& <x<2] 

(ii) Tx is subnormal <^=^ x = 2. 

A straightforward calculation shows, however, that is 3-hyponormal if and only if a; = 2; for, 

A(0;3) := 



2**' 

5x 



5x 
17a; 



> 



2. 



2-^ 2 

\|a; 5x 17x 58a;/ 



_ J cai 
Cij — < 



This behavior is typical of general recursively generated weighted shifts: we show in [13] that subnor- 
mality is equivalent to fc-hyponormality for some k > 2. 

§6-2 Convexity and Closedness 

Next, we will show that canonical rank-one perturbations of fc-hyponormal weighted shifts which 

preserve fc-hyponormality form a convex set. To see this we need an auxiliary result. 

Lemma 6.4. Let / = {1, • • • , n} x {1, • • • , n} and let J be a symmetric subset of I. Let A = {oij) € 
M„(C) and let C = {cij) G M„(C) be given by 

if (iJ) e J 
if (i,i)e/\J 

If A and C are positive semidefinite then B = (bij) G M„(C) defined by 

baij if {i,j) e J 
dij if {i,j) e 7\ J 
is also positive semidefi,nite. 

Proof. Without loss of generality we may assume c>l. If6=lor6 = c the assertion is trivial. Thus 
we assume 1 <b < c. The result is now a consequence of the following observation. If [-D](i,j) denotes 
the (i, j)-entry of the matrix D then 

f5f (l + ^c) ai,- if(i,i)eJ 
f5f + if (*,j)e/\J 

_ f baij if (i, j) e J 
I a.ij if {i,j) e I\J 



(c > 0). 



{be[l,c] or [c,l]) 



c- 1 



A + 



b-1 
c-b' 



C 
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which is positive semidefinite because positive semidefinite matrices in M„(C) form a cone. □ 

An immediate consequence of Lemma 6.4 is that positivity of a matrix forms a convex set with 
respect to a fixed diagonal location; i.e., if 




then {x : is positive semidefinite} is convex. 

We now have: 

Theorem 6.5. Let a = {a„}5^o " weight sequence, let k > 1, and let j > 0. Define a'^^^x) : 
ao, ■ ■ ■ , aj-i,x, Qfj+i, • • • . Assume is k-hyponormal and define 

^a'"' •= • ^c«w)(x) k-hyponormal}. 

Then fi^'-* is a closed interval. 

Proof. Suppose xi,X2 S f2^'^ with xi < X2. Then by (2.11), the (k + l) x (fc + 1) Hankel matrix 



A^.{n;k) := 



7n 7n+l • • • 7n+fe \ 

7n+l 7n+2 • • • 7n+fe+l 



(n > 0; i = 1,2) 



\7n+k 7«+fc+l ••■ 7n+2fe / 

is positive, where A^^ corresponds to a^^\xi). We must show that txi + (1 — t)x2 G fi^'-' {0 < t < 1), 
i.e., 

^tr.i+(i-t)x2("; k) > (n > 0, < i < 1). 

Observe that it suffices to establish the positivity of the 2k Hankel matrices corresponding to a*^-') {txi + 
(1 — t)x2) such that txi + (1 — t)x2 appears as a factor in at least one entry but not in every entry. 
A moment's thought reveals that without loss of generality we may assume j = 2k. Observe that 

A^, (n; k) - A^^ (n; k) = {zf - zl) H{n; k) 

for some Hankel matrix H{n; k). For notational convenience, we abbreviate Az{n; k) as A^. Then 

t'A^, + (1 - tfA^^ + 2t{l - t)A^/^ for < n < 2fc 



A-, 



tXl + (l — t)x2 



(t + {1 - t)^y A^, forn>2fc + l. 



Since A^^ > 0, Ax2 > and A^t^^ have the form described by Lemma 6.4 and since xi < ^x\X2 < 
X2 it follows from Lemma 6.4 that ^4^^^^ > 0. Thus evidently, Afx:^+{i-t)x2 — ^^'^ therefore 
txi + (1 - t)x2 e n^^'. This shows that Q^'^' is an interval. The closedness of the interval follows from 
Proposition 6.7 below. □ 

In [17] and [18], it was shown that there exists a non-subnormal polynomially hyponormal operator. 
Also in [22] , it was shown that there exists a non-subnormal polynomially hyponormal operator if and 
only if there exists one which is also a weighted shift. However, no concrete weighted shift has yet 
been found. As a strategy for finding such a shift, we would like to suggest the following: 
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Question 6.6. Does it follow that the polynomial hyponormality of the weighted shift is stable under 
small perturbations of the weight sequence ? 

If the answer to Question 6.6 were affirmative then wc would easily find a polynomially hyponormal 
non-subnormal (even non-2-hyponormal) weighted shift; for example, if 

and Tx is the weighted shift associated with a, then by Theorem 3.2, is subnormal x = 2, 
whereas is polynomially hyponormal 2 — (5i < a; < 2 + ^2 for some 61,62 > provided the answer 
to Question 6.6 is yes; therefore for sufficiently small e > 0, 

a,:l,^/2+i,(^/3,Y^,yyr 
would induce a non-2-hyponormal polynomially hyponormal weighted shift. 

The answer to Question 6.6 for weak fc-hyponormality is negative. In fact we have: 

Proposition 6.7. 

(i) The set of k -hyponormal operators is sot-closed. 

(ii) The set of weakly k-hyponormal operators is sot-closcd. 

Proof. Suppose G C{H) and ^ T in sot. Then, by the Uniform Boundedness Principle, {llr^Hlrj 
is bounded. Thus r,*'r^ ^ T"TJ in sot for every ij, so that Mfe(T^) Mfe(T) in sot (where Mfc(T) 
is as in (1.2)). (i) In this case Mfe(r^) > for all 77, so Affe(r) > 0, i.e., T is fc-hyponormal. 

(ii) Here, Mfe(T^) is weakly positive for all rj. By (1.3), Mk{T) is also weakly positive, i.e., T is 
weakly A:-hyponormal. □ 
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